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Abstract

The development of ultralow power and high density nonvolatile magnetic random access
memory stimulates the search for promising materials in magnetic tunnel junction with large
voltage-controlled magnetic anisotropy (VCMA) ef�ciency. In this work, we investigate the 4d
and 5d transition metal interlayer effect on perpendicular magnetic anisotropy (PMA) and
VCMA at Fe/MgO interface by using �rst-principles calculations. Large PMA more than
11 mJ m−2 is found at Fe/MgO interface with Pt insertion layer and the mechanism for PMA
is clari�ed based on the second order perturbation theory. Furthermore, we �nd that the
magnitude and the sign of VCMA ef�ciency are varied by introducing different insertions at
Fe/MgO interface. The Re and Os interlayers lead to a sizable increase in both of the PMA and
the VCMA coef�cient. Our �ndings may further emphasize the essential importance of the
interface structure on PMA and VCMA and may offer new material platforms for low-power
consumption spintronic devices.

Keywords: voltage-controlled magnetic anisotropy, interface modi�cation, perpendicular
magnetic anisotropy, magnetic tunnel junctions, magnetization reversal

(Some �gures may appear in colour only in the online journal)

1. Introduction

Spin-transfer torque offers a promising mechanism for the
magnetization reversal in nonvolatile magnetic random access
memory (MRAM) devices [1, 2]. However, it requires high
current density and power consumption, which is about 107

times higher than the thermal stability limit [3]. An alterna-
tive promising approach for developing low power consump-
tion nonvolatile MRAMs is the voltage-controlled magnetic
anisotropy (VCMA) in ferromagnetic �lms via the voltage-
controlled magnetoelectric effect [3–5]. The Fe/MgO het-

3 Authors to whom any correspondence should be addressed.

erostructure with perpendicular magnetic anisotropy (PMA)
is one of the most promising material structures in spintronic
applications [6–8]. Both theoretical investigations and experi-
ments have evidenced that the VCMA effect can be employed
in MgO-based magnetic tunnel junctions (MTJs), which has
been used in the modern MRAMs and read heads [9–11].
The origin of VCMA can mainly be attributed to the spin-
dependent screening of the electric �eld in the ferromagnetic
�lms, and in turn the change of the 3d orbital occupancy of the
Fe/MgO interfacial atoms with an applied electric �eld [9, 12,
13].

On the other hand, in order to maintain thermal stabil-
ity, a large PMA is required for the nanoscale magnetic ele-
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ment, hence the VCMA should be large in order to reverse
the magnetization. In the linear regime, the VCMA is propor-
tional to the electric �eld inside of the insulator, i.e. VCMA
= βEI, where β is the so-called VCMA coef�cient, and EI

is the electric �eld inside of the dielectric insulator. A large
VCMA effect (β ∼ 103 fJ V−1 m−1) is required for device
application to overcome large coercivity of the ferromagnetic
�lm. A substantial VCMA effects can be induced by voltage-
controlled redox reactions, electromigration, and charge trap-
ping with the VCMA coef�cients of a few thousands of
fJ V−1 m−1 [14–16]. Such large values of VCMA seem attrac-
tive but hysteretic effects are present in these cases, resulting in
limited operation speed (less than the sub-millisecond range)
and cycling endurance. In contrast, the VCMA caused purely
by electronic effects has high speed response within sub-
nanosecond regime. Unfortunately, the achieved magnitude of
VCMA demonstrated at the ideal Fe/MgO(001) interface is
insuf�cient, about 290 fJ V−1 m−1 so far [17].

Interface engineering is a promising approach to improve
VCMA ef�ciency, since the VCMA effect originates from
electronic modi�cation at the interface of a ferromagnet and
a dielectric layer. The element with large spin–orbit coupling
(SOC) strength as an interface may provide a large modu-
lation of the PMA and VCMA values. Indeed, theoretical
calculations indicate that inserting heavy metal monolayers
(MLs) at the interface has an impact on both the interfacial
PMA and the VCMA effect [18–20]. For instance, Tsujikawa
et al build MgO/M/Fe/Au(001) interfaces (M = Pd, Pt, and
Au) and �nd the sign reversal of VCMA coef�cient by �rst-
principles calculations [18]. Nakamura et al investigate the
3d (Co, Ni), 4d (Ru, Rh, Pd), and 5d (Os, Ir, Pt) interlayer
effect on PMA and VCMA at MgO/Fe/Au(001) interfaces by
using FLAPW calculation method, and �nd enhanced VCMA
coef�cient around 300 fJ V−1 m−1 for 5d interlayers [19].
Experimentally, enhancement of the VCMA effect by insert-
ing or doping ultrathin 5d metals Hf [21], Pt [22], W [23, 24]
and Ir [25, 26] at the ferromagnetic metal/MgO interface were
investigated. Especially, the Fe/MgO and FeCo/MgO inter-
faces with Ir doping are demonstrated to have signi�cantly
enhanced VCMA coef�cients as large as 320 fJ V−1 m−1

[25] and 350 fJ V−1 m−1 [26], respectively. Other than 5d
metals, there are also experiments showing the signi�cant
effect on the insertion of the 4d metal Pd in Fe(Co)/MgO
systems [27–29]. It is thus interesting to systematically
characterize VCMA under metal insertion at the Fe/MgO
interface.

In this study, we thoroughly investigate the effect of 4d
(Zr, Nb, Mo, Tc, Ru, Rh, Pd, Ag) and 5d (Hf, Ta, W, Re, Os,
Ir, Pt, Au) transition metal insertions at Fe/MgO interface on
the magnetic crystalline anisotropy (MCA) and the VCMA by
employing the �rst principles calculations. Although some ele-
ments, for instance, Tc is radioactive and not applicable for
practical application, we calculate the MCA for the complete
4d and 5d transition metal sets from Zr to Ag and from Hf to
Au, respectively. Layer-resolvedMCA study suggests that the
origin of change in MCA is mainly attributed to the inserted

Figure 1. Schematic diagram of the computational atomic model.
The blue arrows in the vacuum indicate the direction de�nition of
the external electric �eld in this work.

layers. More speci�cally, we predict a signi�cant enhance-
ment of both PMA and VCMA for the ML Re and Os capped
Fe(001) thin �lms.

2. Computational model and methods

For the Fe(001)/MgO interface, we use a Ta (7 ML)/Fe
(3 ML)/X (1 ML)/MgO (3 ML)/vacuum (>15 Å) supercell
(�gure 1), in which a 4d (Zr, Nb, Mo, Tc, Ru, Rh, Pd, Ag)
or 5d (Hf, Ta, W, Re, Os, Ir, Pt, Au) element X is inserted
between a three-atomic Fe (in a bcc stacking) layer and a three-
atomic MgO layer. As the MCA and VCMA in Fe/MgO sys-
tem mainly rely on the interfacial electronic structures of Fe,
it should be able to capture the main effect by using three MLs
of Fe [12, 13]. Compared with the thick interlayer which may
cause the decrease of TMR and deterioration of interface struc-
ture, the thin interlayer could be bene�cial to the VCMA effect
at Fe/MgO interface. Therefore, interlayer with thickness of
one ML is chosen in the present work. The X atom sit on top
of the O atom in MgO, as it is found at Fe/MgO interface [6].
Nonmagnetic sevenMLs of Ta are under the Fe layers to serve
as a substrate. The electric �eld is introduced using the dipole
layer placed in the vacuum region of the supercell [30]. The
de�nition on the direction of the applied electric �eld is shown
in �gure 1, where the positive electric �eld is de�ned as point-
ing away fromMgO to Fe layer. The in-plane lattice constants
of interlayers are constrained to the appropriate values of the
bulk MgO(001) (a = b = 2.87 Å), while the z-positions of
the whole �lms have been fully relaxed in the absence of elec-
tric �eld until the ionic Hellmann–Feynman forces on each
atom are less than 1 meV Å−1. After ion relaxation, the result-
ing atomic structures are �xed for �nite electric �elds in MCA
calculations.

The �rst-principles calculations are performed by employ-
ing projector-augmented-wave (PAW) method [31], imple-
mented in the Vienna ab initio simulation package (VASP)
[32] within the Perdew–Burke–Ernzerhof type of generalized
gradient approximation for the exchange correlation potential
[33]. A plane-wave cutoff energy of 550 eV and a k-grid of
16 × 16 × 1 are used to calculate the electron density self-
consistently. For the calculations of MCA, a much denser k-
pointmesh of 32× 32× 1 is used to converge theMCAwithin
10−5 eV per atom. The MCA is evaluated by the so-called
standard force theorem. First, the electron density is calcu-
lated self-consistently in the absence of SOC. Then, one step
of calculation in the presence of SOC with the magnetization
pointing along different directions is performed. The MCA is
evaluated by taking the energy difference between in-plane
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magnetization ([100] direction) and out-of-plane magnetiza-
tion ([001] direction): MCA = E[100] − E[001]. The positive
MCA means the �lm has a PMA.

3. Results and discussions

First, we present the proximity induced magnetic moments of
the inserted 4d and 5d elements in the Ta/Fe/X/MgO at zero
�eld as shown in �gure 2(a). One can �nd that there are large
induced magnetic moments for Tc (−0.25 µB), Rh (0.79 µB),
Pd (0.33 µB), Re (−0.19 µB), Os (−0.27 µB), Ir (0.48 µB) and
Pt (0.46 µB), due to proximity hybridization between Fe and
inserted atoms. When the cell size is reduced, the large PMA
of the free layer is desirable to maintain the thermal stability.
For instance, assuming that the diameter of the MTJ is 10 nm
and its thermal stability under zero electric �eld is 60 kBT, the
requiredMCA should be larger than 3 mJ m−2 [4]. Figure 2(b)
shows the MCA of the Fe/X/MgO structures at zero electric
�eld. The MCA for Fe/MgO interface without insertion layer
is calculated to be 1.89 mJ m−2, which agrees with previous
calculation results [13, 19]. We notice that early calculations
�nd a larger MCA at FeCo/MgO interface [34, 35]. The PMA
is preserved by inserting one ML of Zr, Mo, Tc, Rh, Ag, Re,
Os, Pt andAu at the Fe/MgO interface, while theMCA become
negative by using other 4d and 5d elemental interlayers. In
particular, the presence of the interfacial Pt ML signi�cantly
enhances PMA to 11.06 mJ m−2 in comparison with clean
Fe/MgO, while the Ir ML induces a large in-plane anisotropy
of −21.83 mJ m−2. The other two 5d interlayers Re and Os
also result in enhanced PMA of 3.92mJm−2 and 3.57mJm−2,
respectively. These results indicate that it is possible to change
the MCA of Fe/MgO interface signi�cantly by inserted metal
layers.

From �gure 2, one can notice that, generally, for 5d inter-
layers from Re to Au with larger induced magnetic moment,
the interfaces have relatively largeMCA. This connectionmay
be explained by the fact that the 5d interlayers have large SOC
constants, and in consequence, they will play a more impor-
tant contribution to MCA. However, the MCA is not fully
related with the induced magnetic moment, because the for-
mer is mainly contributed by the electronic structures around
the Fermi energy, while the latter originates from the whole
density of states (DOS) below the Fermi energy.

It would be interesting to clarify the possible mechanism
of enhanced PMA in Ta/Fe/X/MgO. Especially, here we try
to discuss the origin of giant PMA with Pt interlayer. To get
insight into the inserted layer effect on theMCA, �rst the layer-
resolved MCA is evaluated by taking the SOC energy (Esoc)
difference on each atom when the magnetization is along x
(Mx) and z (Mz) directions as follows [36]:

MCAi ≈ 1
2
(Eisoc(Mx)− Eisoc(Mz)), (1)

where i is the atom index and a positive MCAi indicate that
the atomic layer favors PMA. We discuss in detail on how the
SOC has been included in VASP–PAW theory framework and
the decomposition of SOC energy onto each atom in appendix
B. Figure 3(a) presents the on-site projected MCA of the Ta

Figure 2. (a) The induced magnetic moments on the inserted
transition metal atoms and (b) the MCA for Ta/Fe/X/MgO at zero
electric �eld, where X is 4d (Zr, Nb, Mo, Tc, Ru, Rh, Pd, Ag) or 5d
(Hf, Ta, W, Re, Os, Ir, Pt, Au) transition metal.

(7 ML)/Fe (3 ML)/Pt (1 ML)/MgO (3 ML). The Pt layer con-
tributes the most of the positive MCA which is as large as
6.08 meV per unit cell. This may be related to the sizable
induced magnetic moment and the large SOC constant of Pt.

The SOC Hamiltonian can be written as:

Hsoc = ξ~σ · ~L, (2)

where ~L is the orbital angular momentum operator, ~σ is the
Pauli matrix, ξ is the atomic SOC constant which is the inte-

grated radial SOC strength ξ = 〈ξ(r)〉 =
〈

~
2

4m2c2r
dV(r)
dr

〉

. For

the Fe 3d orbital, the integrated value ξ is around 30 meV. The
SOC Hamiltonian Hsoc is a 2 × 2 operator matrix and can be
written as:

Hsoc =

(

H↑↑
soc H↑↓

soc

H↓↑
soc H↓↓

soc

)

. (3)

Based on the second order perturbation theory, the energy cor-
rection due to SOC can be expressed as the summation of
spin-conserved terms (E↑↑, E↓↓) and spin-�ipped terms (E↑↓,
E↓↑) [37, 38]:

∆E = E↑↑
+ E↓↓

+ E↑↓
+ E↓↑, (4)

Eα,β = ξ2
∑

εαo ,ε
β
u

∣

∣

∣

〈

ψαo
∣

∣H
αβ
soc

∣

∣ψβu
〉

∣

∣

∣

2

εαo − εβu
; (α, β = ↑, ↓), (5)
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Figure 3. (a) The layer-resolved MCA, (b) the DOS in Pt in Ta/Fe/Pt/MgO structure, and (c) the d-orbital resolved MCA in Pt atomic
layer.

Figure 4. The planar-averaged electrostatic potential energy (U(0))
distribution across the Ta/Fe/Pt/MgO supercell structure at zero
electric �eld (blue line refers to the right axis) and the change of the
electrostatic potential energy (U(E) − U(0)) when the electric
�elds Evac = +1 V nm−1 (red line refers to the left axis) and Evac =

−1 V nm−1 (black line refers to the left axis) are applied across the
�lm. The arrows indicate the direction of the electric �eld. The
green line indicates the slope of potential drop in MgO.

where ψαo and ψβu are unperturbed wave functions for occu-
pied states (below Fermi energy) and unoccupied states
(above Fermi energy) with energies εαo and ε

β
u , respectively.

For collinear magnetic system, (~σ · ~L) operator and thus Hsoc

depend on the magnetization direction M(θ, φ) , where (θ,
φ) are the Euler angles of magnetization M. Therefore the
corresponding energy correction is magnetization direction

dependent. Further, by integrating over the k space, the energy
correction in equation (5) can be approximately expressed
by the production of DOS and the matrix elements of Hsoc

operator between different pair of d orbitals:

∆E = ξ2
∑

µ,µ′
P
αβ
µµ′

∫ εF

−∞
dε
∫ ∞

εF

dε′
ραµ(ε)ρ

β
µ′(ε

′)

ε− ε′
,

P
αβ
µµ′ =

∣

∣

∣
〈dµ| (~σ · ~L)α,βM(θ,φ)

∣

∣dµ′
〉

∣

∣

∣

2
, (6)

where dµ is one of the �ve d-orbitals (dxy, dyz, dxz, dz2 ,
dx2−y2) denoted by the orbital index µ. ραµ(ε) is the DOS
of dµ orbital with spin index α. εF is the Fermi energy.
Based on equations (5) and (6), one can �nd that the SOC
energy correction is always negative, and therefore when
magnetization is along a particular direction M(θ, φ), the
non-vanishing matrix element of Hαβ

soc will contribute to the
energy correction and favor the magnetization along this
direction (please see the appendix A for the detailed discus-
sion on the Hαβ

soc matrix elements). In addition, the MCA is
closely related to the distribution of DOS around the Fermi
energy.

The d-orbital resolved DOS of Pt in Ta/Fe/Pt/MgO is
shown in �gure 3(b), which is spin-dependent and lead to
relative large magnetic moment (0.46 µB) on Pt. The DOS
of majority spin is almost ful�lled (occupied) and there
are (dxy, dyz, dxz) DOS peaks located closely below Fermi
energy. On the other hand, the DOS of minority spin is
partly �lled and there is a dz2 DOS peak slightly above Fermi
energy (unoccupied). Based on the second order perturba-
tion theory shown in equations (4)–(6), the possible nonzero

4
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Figure 5. The MCA versus the applied electric �eld in MgO for Ta/Fe/X/MgO without and with insertions X = Pt, Rh, Ag, Re and Os. The
slope of the MCA variation is evaluated in the linear response region.

energy correction could occur between occupiedmajority (dxy,
dyz, dxz) and unoccupied minority dz2 . As we discussed in
appendix A, for M along z direction (Mz), there are two non-
vanishing (~σ · ~L) matrix elements involved the mentioned d-
orbitals 〈dyz| (~σ · ~L)↑↓Mz

|dz2〉 = −i
√
3 and 〈dxz| (~σ · ~L)↑↓Mz

|dz2〉 =√
3, while forM along x direction (Mx) there is only one non-

vanishing (~σ · ~L) matrix element 〈dxz| (~σ · ~L)↑↓Mx
|dz2〉 =

√
3.

From this observation, one can conclude that there should be a
large energy correction between majority dyz and minority dz2
orbitals forMz while this energy correction is missing forMx.
In consequence, this would contribute to the positive MCA.
This conjecture can be further examined by plotting the orbital
resolved MCA contribution on Pt as shown in �gure 3(c).
Indeed, it is clearly seen that themajor contribution to the PMA
on Pt is from the pair of (dyz, dz2).

In the following, we perform calculations on VCMA
of Ta(7 ML)/Fe(3 ML)/X(1 ML)/MgO(3 ML)/vacuum with
several insertion layers (X = Rh, Ag, Re, Os, Pt) which
have relative large or similar PMA compared with Fe/MgO
(�gure 2(b)). In the present calculations, the electric �eld is
introduced by using the dipole layer placed in the vacuum
region of the supercell [30]. We �rst need to check whether
the desired electric �eld has been applied correctly.

Figure 4 shows the change in the planar-averaged electro-
static potential across the Ta/Fe/Pt/MgO supercell when elec-
tric �elds in vacuum Evac = ±1 V nm−1 are applied. It is

clear that the potential drop occurring in the MgO and vac-
uum, whereas it is screened in the metallic Ta/Fe/Pt layers.
The electric �eld inside of MgO is smaller than that in vacuum
due to the large dielectric constant of MgO. The magnitude of
electric �eld in MgO and vacuum has the relation: EMgO =

Evac/εMgO, where εMgO is the dielectric constant of MgO and
Evac is the electric �eld in vacuum. From �gure 4, the dielec-
tric constant of MgO can be estimated to be εMgO = Evac/EMgO

= 3.68. This value is smaller than the experimental value of
εMgO = 9.5. That is because only the electric part contribution
to dielectric constant is included while the ionic contribution
is not included in calculations.

We now consider the changes in the MCA of Ta/Fe/X/MgO
(X = Rh, Ag, Re, Os, Pt) induced by an electric �eld in vac-
uum in the range of −4 to +1 V nm−1 (We notice that the
electronic structures do not converge when Evac is larger than
+2V nm−1). In all our calculations, we do not relax the atomic
structure in the presence of the electric �eld. The effect of the
electric �eld on the MCA is quanti�ed by the slope β in the
linear range as MCA = βEMgO. Figure 5 shows the variation
of the MCA energy as a function of electric �eld in MgO for
structures with Rh, Ag, Re, Os and Pt interlayers. In the range
of investigated electric �eld, the MCA is nearly a linear curve
versus the electric �eld. Considering the dielectric constant of
MgO as 3.68 (calculated from�gure 4), the VCMA coef�cient
β can be extracted by linear �tting. First, we �nd that |β| for

5
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Figure 6. Layer-resolved contribution to MCA for (a) Ta/Fe/MgO,
(b) Ta/Fe/Pt/MgO, and (c) Ta/Fe/Os/MgO under electric �eld Evac =

0 (black), −2 V nm−1 (red) and −4 V nm−1 (blue).

Pt, Rh and Ag are reduced in compared with that for the ideal
Fe/MgO interface with β = −90.9 fJ V−1 m−1. The reduc-
tion and sign reversal of VCMA with Pt interlayer agree with
previous calculation results [18, 19]. More importantly, a large
increase in theVCMA coef�cientsβ for Re (306.7 fJV−1m−1)
and Os (−371.2 fJ V−1 m−1) inserted layers are found, by a
factor of 3.37 and 4.08, respectively. If we take the experimen-
tal dielectric constant of MgO εMgO = 9.5, the VCMA coef�-
cients β are 790 fJ V−1 m−1 and 960 fJ V−1 m−1 for structures
with Re and Os interlayers, respectively. These results demon-
strate that the enhancement of both the PMA and VCMA ef�-
ciency in the Ta/Fe/X/MgO stack is available by the Re and Os
layers.

In order to gain more insight into the VCMA effect, the
layer-resolved contribution to MCA under various electric
�elds for Ta/Fe/MgO, Ta/Fe/Pt/MgO and Ta/Fe/Os/MgO inter-
faces have been calculated and shown in �gure 6. One can
observe that, the response of MCA on external electric �eld
mainly depends on the layers localized at the interfaces of
Fe/MgO and Fe/X/MgO. That is, for Ta/Fe/MgO, the elec-
tric �eld induced change of MCA is mainly on the Fe layer,
while with insertions, the VCMA effect is mainly transferred
onto Pt and Os layers. Under increasing negative electric �eld,
the MCA contribution of Fe layers in Ta/Fe/MgO interface
increases and thus leading to a negative VCMA coef�cient β.
While for Pt interlayer, suppressed decreasing trend of MCA
on Pt layer lead to a smaller and reversal VCMA coef�cient
β. For Ta/Fe/Os/MgO interface, the pronounced decrease of

negative contribution to MCA of Os layer leads to an increase
of MCA and results in an enhanced negative VCMA coef�-
cient β. The reason for different VCMA coef�cients for Pt
and Os interlayers may be qualitatively understood by consid-
ering the different electronic properties of Pt and Os. As we
know, the Pt has more itinerant sp-like electrons than Os at the
Fermi energy. When the electric �eld is applied, the response
of sp electrons does not contribute to the MCA and thus to
VCMA effect. A qualitative conclusion may be that, the inter-
layer with more localized d-like electron may produce larger
VCMA effect.

4. Summary

In summary, the MCA and VCMA of the Ta/Fe/X/MgO het-
erostructures have been investigated by �rst-principles calcu-
lations, where X is ML of 4d (Zr, Nb, Mo, Tc, Ru, Rh, Pd,
Ag) and 5d (Hf, Ta, W, Re, Os, Ir, Pt, Au) transition metals.
The MCA and VCMA dramatically depend on the X inser-
tion, which has large SOC and becomes magnetic induced by
the hybridization to the Fe layer. Among the investigated ele-
ments, two interfacial 5d metal layers Re and Os yield large
enhancement of both PMA at zero �eld and VCMA coef�-
cient. The response of MCA on external electric �eld mainly
relies on the interfacial layers. Heavy metallic interlayer with
large SOC constant and more d-like feature may bene�t for
the enhanced VCMA effect at Fe/MgO interface. At the same
time, the thickness of insertion layer (around oneML) is much
thinner than its spin diffusion length, so the degradation of
tunneling magnetoresistance in MgO-based MTJs caused by
inserted layer would be insigni�cant. These theoretical �nd-
ings serve as simple guiding rules for future material struc-
ture design with enhanced PMA and VCMA, which may be
important for high-speed and energy-ef�cientmagnetoelectric
device applications.
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Appendix A. The matrix element of HSOC in the

basis of d orbitals

The SOC Hamiltonian Hsoc and ~σ · ~L operator are generally
dependant on the magnetization orientationM(θ, φ):

Hsoc = ξ(~σ · ~L)M(θ,φ). (A1)
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For instance, when the magnetization M is along z direction
(Mz), the ~σ · ~L operator can be expressed in the matrix form of
angular momentum operator:

(~σ · ~L)Mz =

(

lz lx − ily
lx + ily −lz

)

. (A2)

The SOC Hamiltonian and ~σ · ~L operator for a general magne-
tization directionM(θ, φ) can be evaluated by a rotationmatrix
u(θ, φ):

u(θ,φ) =

(

e−iφ/2 cos(θ/2) −e−iφ/2 sin(θ/2)
eiφ/2 sin(θ/2) eiφ/2 cos(θ/2)

)

. (A3)

It can be obtained by the following transformation:

(~σ · ~L)M(θ,φ) = u(θ,φ)(~σ · ~L)Mzu
†(θ,φ)

=

(

(~σ · ~L)↑↑M(θ,φ) (~σ · ~L)↑↓M(θ,φ)

(~σ · ~L)↓↑M(θ,φ) (~σ · ~L)↓↓M(θ,φ)

)

. (A4)

For instance, when the magnetizationM is along x axis (Mx),
the corresponding Euler angles are θ = π/2, φ = 0, then the
expression of ~σ · ~L forMx should be:

(~σ · ~L)Mx =

(

−lx lz − ily
lz + ily lx

)

. (A5)

The matrix element of orbital angular momentum lx, ly and
lz in the basis of dxy, dyz, dxz, dz2 , dx2−y2 can be evaluated by
constructing those d orbitals with the linear combinations of
complex spherical harmonics Y lm:

dxy = − i√
2
(Y22 − Y2−2); dyz =

1√
2
(Y21 + Y2−1);

dxz =
1√
2
(Y21 − Y2−1); dx2−y2 =

1√
2
(Y22 + Y2−2);

dz2 = Y20. (A6)

The matrix elements of angular momentum lx, ly and lz in the d
orbital order of (dxy, dyz, dxz, dz2 ,dx2−y2) can be easily computed
as follows:

lx =

















|dxy〉 |dyz〉 |dxz〉 |dz2〉
∣

∣dx2−y2
〉

〈dxy| 0 0 −i 0 0
〈dyz| 0 0 0 −i

√
3 −i

〈dxz| i 0 0 0 0
〈dz2 | 0 i

√
3 0 0 0

〈

dx2−y2
∣

∣ 0 i 0 0 0

















ly =

















|dxy〉 |dyz〉 |dxz〉 |dz2〉
∣

∣dx2−y2
〉

〈dxy| 0 i 0 0 0
〈dyz| −i 0 0 0 0
〈dxz| 0 0 0 i

√
3 −i

〈dz2 | 0 0 −i
√
3 0 0

〈

dx2−y2
∣

∣ 0 0 i 0 0

















lz =

















|dxy〉 |dyz〉 |dxz〉 |dz2〉
∣

∣dx2−y2
〉

〈dxy| 0 0 0 0 2i
〈dyz| 0 0 i 0 0
〈dxz| 0 −i 0 0 0
〈dz2 | 0 0 0 0 0
〈

dx2−y2
∣

∣ −2i 0 0 0 0

















.

(A7)

Then we have the matrix elements of ~σ · ~L operator forM along z direction (Mz):

(~σ · ~L)↑↑Mz
= lz; (~σ · ~L)↑↓Mz

= lx − ily =

















|dxy〉 |dyz〉 |dxz〉 |dz2〉
∣

∣dx2−y2
〉

〈dxy| 0 1 −i 0 0
〈dyz| −1 0 0 −i

√
3 −i

〈dxz| i 0 0
√
3 −1

〈dz2 | 0 i
√
3 −

√
3 0 0

〈

dx2−y2
∣

∣ 0 i 1 0 0

















. (A8)

And similarly we can obtain the matrix elements of ~σ · ~L operator forM along x direction (Mx):

(~σ · ~L)↑↑Mx
= −lx; (~σ · ~L)↑↓Mx

= lz − ily =

















|dxy〉 |dyz〉 |dxz〉 |dz2〉
∣

∣dx2−y2
〉

〈dxy| 0 1 0 0 2i
〈dyz| −1 0 i 0 0
〈dxz| 0 −i 0

√
3 −1

〈dz2 | 0 0 −
√
3 0 0

〈

dx2−y2
∣

∣ −2i 0 1 0 0

















. (A9)
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When magnetization is along other general directionM(θ, φ), the matrix elements of ~σ · ~L operator can be obtained by rotation
transformations in equation (A4)

(~σ · ~L)↑↑
M(θ,φ) =





















|dxy〉 |dyz〉 |dxz〉 |dz2 〉
∣

∣dx2−y2
〉

〈dxy| 0 i sin θ sin φ −i sin θ cos φ 0 2i cos θ

〈dyz| −i sin θ sin φ 0 i cos θ −i
√
3 sin θ cos φ −i sin θ cos φ

〈dxz| i sin θ cos φ −i cos θ 0 i
√
3 sin θ sin φ −i sin θ sin φ

〈dz2 | 0 i
√
3 sin θ cos φ −i

√
3 sin θ sin φ 0 0

〈

dx2−y2
∣

∣ −2i cos θ i sin θ cos φ i sin θ sin φ 0 0





















,

(~σ · ~L)↑↓
M(θ,φ) =





















|dxy〉 |dyz〉 |dxz〉 |dz2 〉
∣

∣dx2−y2
〉

〈dxy| 0 i cos θ sin φ+ cos φ −i cos θ cos φ+ sin φ 0 −2i sin θ

〈dyz| −i cos θ sin φ− cos φ 0 −i sin θ
√
3(−i cos θ cos φ+ sin φ) −i cos θ cos φ+ sin φ

〈dxz| i cos θ cos φ− sin φ i sin θ 0
√
3(cos φ+ i cos θ sin φ) −i cos θ sin φ− cos φ

〈dz2 | 0
√
3(i cos θ cos φ− sin φ) −

√
3(cos φ+ i cos θ sin φ) 0 0

〈

dx2−y2
∣

∣ 2i sin θ i cos θ cos φ− sin φ i cos θ sin φ+ cos φ 0 0





















.

(A10)

The other two matrix elements of ~σ · ~L operator can be
obtained by the following relations:

(~σ · ~L)↓↓M(θ,φ) = −(~σ · ~L)↑↑M(θ,φ); (~σ · ~L)↓↑M(θ,φ) =

[

(~σ · ~L)↑↓M(θ,φ)

]†
.

(A11)

Appendix B. The SOC and layer resolved SOC

energy in VASP–PAW theory framework

By taking the SOC into account, the full Hamiltonian H of
electrons can be written as:

H = H0 + Hsoc, (B1)

whereH0 is the Hamiltonianwithout SOC andHsoc is the SOC
Hamiltonian as it is shown in equation (A1).

The solution of above full HamiltonianH is a 2× 1 spinor:

|ψn〉 =
(

∣

∣ψ1
n

〉

∣

∣ψ2
n

〉

)

, (B2)

where n is energy band index.
On the other hand, the all-electron (AE) wavefunction in

the PAW theory frame can be expressed in terms of pseudo-
electron (PE) wave function [39]:

∣

∣ψαn
〉

=

∣

∣

∣ψ̃αn

〉

+
∑

i

(|φi〉 −
∣

∣

∣φ̃i

〉

)
〈

p̃i

∣

∣

∣ψ̃αn

〉

, (B3)

where |φi〉(|φ̃i〉) is the AE (PE) atomic wavefunction and
|ψαn 〉(|ψ̃αn 〉)is theAE (PE) Blochwavefunction (α= 1, 2), |p̃i〉is
the projector, i is a shorthand index for atomic sites a, reference
pseudo energy ε, and orbital and magnetic quantum number (l,
m), that is i = (ai, εi, l, m).

According to PAW theory, the AE wave function inside of
the augmentation sphere can be expanded by AE atomic wave
function as follows:

|ψαn 〉 =
∑

i

|φi〉
〈

p̃i

∣

∣

∣
ψ̃αn

〉

, (B4)

and outside of the augmentation sphere, the AE and PE wave
functions will be the same:

|ψαn 〉 = |ψ̃αn 〉. (B5)

The SOC energy can be evaluated as follow:

Esoc =
∑

n

〈ψn|Hsoc|ψn〉 =
∑

n

∑

α,β=1,2

〈ψαn |Hαβ
soc|ψβn 〉. (B6)

By considering that the radius dependant SOC strength
ξ(r) = ~

2

4m2c2r
dV(r)
dr (and thereforeHsoc) is well-localized around

the atomic nuclei center, the SOC energy expressed in
equation (B6) can be evaluated only inside of augmentation
sphere by inserting equation (B4) into (B6). Therefore, the
SOC energy can be calculated as:

Esoc =

α,β
∑

i, j

∑

n

〈

ψ̃αn

∣

∣

∣p̃i

〉〈

p̃j

∣

∣

∣ψ̃βn

〉

〈φi|Hα,β
soc |φ j〉

=

α,β
∑

i, j

ρα,βi, j D
α,β
i, j ,

(B7)

where ρα,βi, j is the occupancy of each augmentation channel (i,
j) [39]:

ρα,βi, j =
∑

n

〈ψ̃αn |p̃i〉
〈

p̃j

∣

∣

∣ψ̃βn

〉

, (B8)

and Di, j is SOC contribution to the so-called D matrix (2 × 2)
which enters into the noncollinear Kohn–Sham Hamiltonian
[39]:

Di, j = 〈φi|Hsoc |φ j〉 . (B9)

Again, by considering the fact that Hsoc is well-localized
around the atomic center, the nonvanishing D matrix in
equation (B9) should be on-site and share the same orbital
angular momentum l. By inserting |φi〉 = Rl,εi (r)|l,m〉 into
equation (B9), we obtain:

Di, j = δai,a jδli=l,l jξ
ai,l
εi ,ε j

〈l,m|~σ · ~L |l,m′〉 , (B10)

ξai,lεi,ε j
=
∫

Rl,εi (r)Rl,ε j(r)ξ
ai(r)r2dr is the pseudo energy depen-

dent SOC constant, and the matrix element 〈l,m|~σ · ~L |l,m′〉
has been discussed in appendix A.

8
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Finally, the SOC energy expressed in equation (B7) can be
calculated by summarizing the contribution on individual atom
as:

Esoc =
∑

a

Easoc =
∑

a

(
∑

l

∑

m,m′
Ea,l,m,m

′
soc ), (B11)

where Easoc is the atom (a is the atom index) resolved SOC
energy,Ea,l,m,m

′
soc is the atom, orbital, magnetic quantum number

resolved SOC energy.

Ea,l,m,m
′

soc =
∑

α,β

ρα,βi, j ξ
ai,l
εi,ε j

〈l,m|~σ · ~L|l,m′〉αβ . (B12)
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